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The r e s e a r c h  on non l inea r  and op t ima l  a t t i t u d e  c o n t r o l  of p l ane t -  

p o i n t i n g  space  v e h i c l e s  continued wi th  M r .  Boykin and wi th  new Ph.D. 

c a n d i d a t e s  under P ro fes so r  FlCgge-Lotz (Sec. A ) .  Bas i c  s t u d i e s  of 

op t imal  c o n t r o l ,  under Professor  F r a n k l i n ,  and s a t e l l i t e  t r a j e c t o r y  

s t u d i e s ,  under P r o f e s s o r  Breakwell, a l s o  con t inue  (Secs.  A and B). 

I n  September, P r o f e s s o r  Cannon began a second one-year l e a v e  of 

absence from t h e  Un ive r s i ty  t o  con t inue  a s  S c i e n t i f i c  Advisor t o  t h e  

Chief of S t a f f  of t h e  A i r  Force. Consequently,  h i s  r e s e a r c h  remains 

suspended, and t h e r e  is nothing t o  r e p o r t  f o r  him on t h i s  Grant f o r  

t h e  c u r r e n t  per iod .  

Because of t h e  o r a l  r epor t  g iven  by P r o f e s s o r s  Fltigge-Lotz and 

F r a n k l i n  a t  ERC i n  June ,  t h i s  r e p o r t  c o n t a i n s  informat ion  f o r  a one- 

year  per iod .  
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A .  NONLINEAR STUDIES, OPTIMAL CONTROL 
( S t u d i e s  Supervised by P r o f e s s o r  Fliigge-Lotz) 

1. Optimal and Suboptimal Cont ro l  of a S a t e l l i t e  i n  E l l i p t i c  O r b i t .  
Steady S t a t e  Cons idera t ion .  (Ph.D. Research of W .  Boykin) 

Four c o n f i g u r a t i o n s  of s a t e l l i t e s  and t h e i r  o r b i t s  a r e  cons idered  

here .  These f o u r  c o n f i g u r a t i o n s  were chosen s i n c e  t h e y  e x h i b i t  a wide 

v a r i e t y  of n a t u r a l  a t t i t u d e  motions and s i n c e  t h e y  a r e  s i m i l a r  t o  some 

f u t u r e  a s  w e l l  a s  some r e c e n t  e a r t h  s a t e l l i t e s .  

S a t e l l i t e s  (1) and (4 )  a r e  s i m i l a r  t o  some of t o d a y ' s  " s t ab le"  

s c i e n t i f i c  s a t e l l i t e s ,  e .g . ,  s a t e l l i t e s  of t h e  O r b i t i n g  Geophysical 

Observatory and t h e  T i r o s  s e r i e s .  S a t e l l i t e  (4) i s  such t h a t  aero- 

dynamic f o r c e s  s i g n i f i c a n t l y  a f f e c t  i t s  a t t i t u d e  motion. S a t e l l i t e  

(2) i s  s i m i l a r  t o  "uns tab le"  manned and unmanned s p a c e c r a f t  which 

w i l l  be i n s e r t e d  i n t o  ( n e a r l y )  c i r c u l a r  e a r t h  park ing  o r b i t s  f o r  

t r a n s f e r  t o  o r b i t s  about o t h e r  c e l e s t i a l  bodies .  Examples of such 

s p a c e c r a f t  a r e  Apol lo  and Unmanned Mars  Excursion Vehicle.  S a t e l l i t e  

(3) i s  s i m i l a r  t o  f u t u r e  "unstable" m i l i t a r y  a p p l i c a t i o n s  s a t e l l i t e s .  

The o r b i t s  of t h e  s a t e l l i t e s  a r e  e l l i p t i c ,  a l though f o r  s a t e l -  

l i t e s  (2) and (3) t h e  e c c e n t r i c i t y  i s  assumed t o  be only  0.01. 

The ea r th -po in t ing  o r i e n t a t i o n ,  i . e . ,  t h e  o r i e n t a t i o n  such t h a t  

one body-fixed a x i s  i s  p a r a l l e l  t o  t h e  l o c a l  v e r t i c a l  and ano the r  i s  

normal t o  t h e  o r b i t  p l ane ,  i s  r equ i r ed  f o r  t h e  l i f e t i m e s  of t h e  

s a t e l l i t e s .  Gas je ts  provide  t h e  c o n t r o l  t o rque .  

L inea r  d i f f e r e n t i a l  equat ions  wi th  t ime-varying C o e f f i c i e n t s ,  

which i n c l u d e  terms f o r  t h e  g r a v i t y  t o r q u e  due t o  an o b l a t e  e a r t h  and 

terms f o r  t h e  aerodynamic to rque ,  a r e  used t o  d e s c r i b e  t h e  a t t i t u d e  

motion when a s a t e l l i t e  i s  p r a c t i c a l l y  ea r th -po in t ing .  Nonlinear 

e q u a t i o n s  wi th  t ime-varying c o e f f i c i e n t s  a r e  used t o  d e s c r i b e  t h e  

a t t i t u d e  motion when a c q u i s i t i o n  of t h e  e a r t h - p o i n t i n g  motion from 

l a r g e  d e v i a t i o n  ang le s  (= 80 ) i s  cons ide red .  0 

Pon t ryag in ' s  Maximum P r i n c i p l e ,  t h e  necessa ry  c o n d i t i o n s  f o r  

exac t  s o l u t i o n s  of op t imal  bounded-phase-coordinate problems and 

g u i d e l i n e s  ob ta ined  from t h e  minimum-fuel s t a t ion -keep ing  c o n t r o l s  
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dev i sed  f o r  s i n g l e - a x i s  systems a r e  used i n  t h e  development of t h e  

s t a t ion -keep ing  p a r t  of t h e  c o n t r o l  sys t em.  The a c q u i s i t i o n  p a r t  of 

t h e  c o n t r o l  system, developed here ,  r e s u l t s  i n  a c q u i s i t i o n  of t h e  

e a r t h - p o i n t i n g  motion from l a r g e  a n g l e s  i n  t h e  t i m e  of one-quar te r  

o r b i t  w i t h  comparatively l i t t l e  f u e l  expend i tu re s .  

The motions of t h e  s a t e l l i t e s  w i t h  t h e  developed s t a t ion -keep ing  

c o n t r o l  systems a r e  s imula ted  on an  ana log  computer; and, t h e  per- 

formances of t h e  system a r e  eva lua ted .  The non l inea r  d i f f e r e n t i a l  

e q u a t i o n s  which i n c l u d e  t h e  developed a c q u i s i t i o n  c o n t r o l  sys t ems  wi th  

time d e l a y s  a r e  i n t e g r a t e d  by us ing  a d i g i t a l  computer. The f u e l  

expend i tu re s  and t h e  times of a c q u i s i t i o n  obta ined  from t h e s e  d i g i t a l  

computer r u n s  a r e  compared w i t h  t h o s e  f o r  t h e  s a t e l l i t e  motions 

d e s c r i b e d  approximately by l i n e a r  d i f f e r e n t i a l  equa t ions  wi th  t h e  

opt imal  c o n t r o l s  ob ta ined  from t h e  maximum p r i n c i p l e .  

The s i m u l a t i o n  s t u d i e s  t o g e t h e r  w i th  t h e  performance e v a l u a t i o n s  

showed t h a t  t h e  c o n t r o l  sys t ems  a r e  q u i t e  e f f i c i e n t  a s  w e l l  a s  r e l i a b l e ,  

(The a c q u i s i t i o n  sys t em i s  a back-up system t o  t h e  s t a t ion -keep ing  

system.) The o v e r a l l  c o n t r o l  system, which i s  v e r y  s imple  t o  r e a l i z e ,  

is  g iven  i n  diagram form. 

A r e p o r t  Sudaar 322 was f i n i s h e d  by t h e  end of J u l y .  Copies of 

t he  r e p o r t  were mailed October 18, 1967. 

2. The Complete A t t i t u d e  Cont ro l  Problem f o r  an  Ea r th  S a t e l l i t e  i n  
E l l i u t i c  O r b i t .  (Ph.D. Research of G. Wolske) . . .  

The steepest descen t  procedure of Hales (Sudaar 257) was r epea ted  

s u c c e s s f u l l y  on a second-order system ( l i n e a r i z e d  p i t c h )  for minimum 

f u e l .  R e s u l t s  were v e r i f i e d  by comparison t o  t r u e  op t ima l  t r a j e c t o r i e s  

gene ra t ed  by r e v e r s e  t i m e  i n t e g r a t i o n .  

Work is  c u r r e n t l y  be ing  d i r e c t e d  toward app ly ing  t h e  r e s u l t s  of 

T. E .  Bullock on second v a r i a t i o n s  and making necessa ry  m o d i f i c a t i o n s  

such  t h a t  t hey  can be used t o  s o l v e  f u e l  minimum problems. Fuel 

minimum problems a r e  not a s  e a s i l y  handled by second v a r i a t i o n s  a s  

some other problems because of t h e  nonexis tence  of c e r t a i n  p a r t i a l  

d e r i v a t i v e s .  (Approximations o f f e r  promise.) I t  i s  a l s o  d e s i r a b l e  

- 3 -  



t o  be a b l e  t o  i n c o r p o r a t e  t h e  knowledge of t h e  bang-bang n a t u r e  of t h e  

c o n t r o l  of t h e  s a t e l l i t e  so  t h a t  t h e  second v a r i a t i o n  method ( through 

mod i f i ca t ion )  can be used t o  g ive  a b e t t e r  s t r a t e g y  f o r  changing 

swi t ch ing  times t h a n  conventional g r a d i e n t  methods. 

3 .  An addendum t o  Report Sudaar 271, "Minimum Time Con t ro l  of a 

Nonl inear  System," by J o s e  Luis  Garc ia  Almuzara and I .  Fliigge-Lotz 

was mai led  on October 18, 1967. I t  concerned t h e  mathematical  d e t a i l s  

f o r  t h e  p a r t i c u l a r  ca se  

2 + s in  x =  u and IuI 2 1 

An abbrev ia t ed  v e r s i o n  of t h i s  paper  w i l l  appear i n  t h e  J o u r n a l  of 

D i f f e r e n t i a l  Equations,  January 1968. 

4 .  The V a l i d i t y  of L i n e a r i z a t i o n  i n  A t t i t u d e  Cont ro l .  (Ph.D. Research 
of F. C u r t i s )  

The opt imal  c o n t r o l  of two systems 

I. 

11. 

2 + s i n  x = u ( t )  

j i  + x = u ( t )  

w i t h  IuI < - A > 1 

T 
f o r  t h e  performance c r i t e r i o n  1 IuI d t  +min  s h a l l  be compared. 

0 
For t h o s e  e r r o r  and e r r o r  r a t e  d i s t u r b a n c e s  which can  be  zeroed 

w i t h i n  3/8 of a c i r c u l a r  s a t e l l i t e  o r b i t ,  M r .  C u r t i s  has  developed 

t h e  complete t ime-varying feedback c o n t r o l  law which minimizes t h e  

amount of f u e l  expended i n  r e o r i e n t i n g  t h e  s a t e l l i t e  t o  i t s  e a r t h -  

p o i n t i n g  p o s i t i o n .  By having t h e  s o l u t i o n  e x h i b i t e d  i n  t h i s  feedback 

form one i s  a b l e  t o  minimize t h e  e f f e c t  of any unforeseen  d i s t u r b a n c e s  

or ma l func t ions  which could occur du r ing  t h e  r e o r i e n t a t i o n .  

Now under development i s  t h e  de t e rmina t ion  of t h a t  time-dependent 

i n d i f f e r e n c e  curve  s e p a r a t i n g  t h e  r e g i o n  f o r  which w e  d i r e c t l y  z e r o  

t h e  p i t c h  e r r o r  and e r r o r  r a t e  from t h e  r e g i o n  where less f u e l  i s  

expended by a l lowing  t h e  s a t e l l i t e  t o  make a complete somersaul t  

( r e t u r n  t h e  p i t c h  a n g l e  t o  2rr i n s t e a d  of ze ro )  wh i l e  ze ro ing  t h e  

e r r o r  r a t e .  
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. .  

5. Systems w i t h  a Delayed Control Inpu t .  

The work s t a r t e d  wi th  s tudying  phase t r a j e c t o r i e s  of t h e  system 

where T i s  l a r g e  compared t o  t h e  per iod  of t h e  uncon t ro l l ed  sys t em.  

Th i s  i n v e s t i g a t i o n  w i l l  be done by M r .  G. Swanson, who has  s t i l l  

t o  pas s  h i s  Ph.D. q u a l i f y i n g  examination. The re fo re ,  g r e a t e r  i n t e n s i t y  

cannot be put i n  t h i s  work be fo re  t h e  end of January.  

Research on op t ima l  cont ro l  of systems wi th  t i m e  d e l a y  i n  t h e  

feedback pa th  have been supported by t h e  A i r  Force ;  a r e p o r t  based 

on t h e  Ph.D. r e s e a r c h  of D r .  Ross i s  j u s t  be ing  f i n i s h e d .  I t  may be 

i n t e r e s t i n g  t o  i n c o r p o r a t e  results from t h a t  i n v e s t i g a t i o n  i n  our  new 

program because ,  i n  g e n e r a l ,  both d e l a y s  w i l l  occur .  

* 

( S t u d i e s  Supervised by P r o f e s s o r  F r a n k l i n )  

6 .  Computing Optimal Cont ro ls  (Ph.D. Research of G. Gerson) 

An impor tan t  c l a s s  of optimal c o n t r o l  problems a r e  t h o s e  i n v o l v i n g  

s t a t e - v a r i a b l e  i n e q u a l i t y  c o n s t r a i n t s .  Such problems a r i s e ,  f o r  

example, i n  de t e rmin ing  t h e  opt imal  t r a j e c t o r y  f o r  an  o r b i t i n g  body 

t o  r e -en te r  t h e  e a r t h ' s  atmosphere s u b j e c t  t o  a h e a t i n g  c o n s t r a i n t ,  

and i n  de t e rmin ing  opt imal  maneuvers f o r  high-performance a i r c r a f t  

s u b j e c t  t o  s t r u c t u r a l  l i m i t a t i o n s .  Numerical s o l u t i o n s  f o r  such 

problems have been ob ta ined  by u s i n g  necessa ry  c o n d i t i o n s  which an  

opt imal  c o n t r o l  must s a t i s f y  [Ref .  31. Approximate s o l u t i o n s  have 

been ob ta ined  by means of pena l ty  f u n c t i o n s  [Ref .  41 and dynamic 

programming [ R e f .  51. None of t h e s e  methods i s  i d e a l .  The u s e  of 

t h e  necessa ry  c o n d i t i o n s  r e q u i r e s  t h a t  t h e  g e n e r a l  s t r u c t u r e  of t h e  

opt imal  t r a j e c t o r y  f i r s t  be assumed, and t h e n  a s e a r c h  must be  made 

f o r  a f i n i t e  number of parameters.  The pena l ty  f u n c t i o n  method i s  

* 
The c o n t r a c t  w i t h  t h e  A i r  Force e x p i r e s  January 1968 and w i l l  no t  
be cont inued ,  s i n c e  t h i s  problem i s  on our  long  range NASA program. 
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e f f e c t i v e ,  bu t  it has  been r epor t ed  [ R e f .  61 t o  converge a t  a slower 

r a t e  t han  the  method based on necessary  c o n d i t i o n s .  Dynamic programming 

i s  l i m i t e d  t o  low-order systems and r e q u i r e s  discrete q u a n t i z i n g  of 

cont inuous  v a r i a b l e s .  

The p resen t  r e s e a r c h  i s  concerned w i t h  a new method f o r  o b t a i n i n g  

approximate s o l u t i o n s  f o r  optimal c o n t r o l  problems wi th  s t a t e v a r i a b l e  

i n e q u a l i t y  c o n s t r a i n t s .  I t  i s  not expected t h a t  t h i s  method w i l l  prove 

t o  be i d e a l .  However, it i s  hoped t h a t  t h i s  r e s e a r c h  w i l l  p rovide  new 

t h e o r e t i c a l  i n s i g h t  a s  w e l l  a s  an improved computa t iona l  t echn ique  f o r  

some c a s e s  of i n t e r e s t .  

The problem t r e a t e d  i s  t h e  s t anda rd  op t ima l  c o n t r o l  problem 

described a s  fo l lows .  We a r e  g iven  a dynamical s y s t e m  described by 

t h e  n-vector o r d i n a r y  d i f f e r e n t i a l  equa t ion  

dx 
d t  
- -  - ? = f ( x , u , t ) ,  x ( t  = xo 

0 

where x i s  t h e  s t a t e  of t h e  sys t em,  t i s  t i m e ,  and t h e  r -vec to r  

u i s  t h e  c o n t r o l  i n p u t .  The i n i t i a l  s t a t e  x i s  s p e c i f i e d ,  and t h e  

f i n a l  s t a t e  x ( t  ) = x must s a t i s f y  t h e  q-vector t e r m i n a l  c o n s t r a i n t  
0 

f f 

+ ( X f )  = 0 (2 1 

The f i n a l  t i m e  tf may or may not  be specified.  The c losed  set U of 

admiss ib l e  c o n t r o l  va lues  i n  Rr 

piecewise cont inuous  and s a t i s f y  

i s  g iven ,  and t h e  c o n t r o l  must be 

u ( t )  E u,  to - -  < t < tf (3) 

The t r a j e c t o r y  x ( t )  must s a t i s f y  t h e  s t a t e - v a r i a b l e  i n e q u a l i t y  

cons t r a  i n t  

S ( x ( t ) )  2 0 ,  to < - -  t < tf (4 I 

where S is  a rea l -va lued  d i f f e r e n t i a b l e  f u n c t i o n  of t h e  s t a t e  x .  

A l s o  given  i s  a performance f u n c t i o n a l  

t f  
J< [u ]>  = r j ( x , u , t )  d t  + M ( x ( t f ) )  

tJ 
0 

(5) 
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The problem i s  t o  de te rmine  a c o n t r o l  f u n c t i o n  [ u ( t ) ]  which, when 

a p p l i e d  t o  t h e  system ( l ) ,  s a t i s f i e s  (21, ( 3 1 ,  and (4 ) ,  and minimizes 

(5). 

The c o n s t r a i n t  (4)  i n t roduces  computational d i f f i c u l t i e s  n o t  

p r e s e n t  i n  opt imal  c o n t r o l  problems wi thout  s t a t e - v a r i a b l e  i n e q u a l i t y  

c o n s t r a i n t s .  The approximation method under s tudy  r e p l a c e s  t h e  above 

problem wi th  an  approximating problem ( A P ) .  AP i s  t h e  same a s  t h e  

o r i g i n a l  problem except (1) and (4) a r e  combined t o  form a new 

dynamical system 

where S' is t h e  g r a d i e n t  of S ( x ) ,  and a i s  a rea l -va lued  f u n c t i o n  

of S and t h e  parameter K wi th  t h e  p r o p e r t i e s :  
X 

1. a(S;K)  2 0 .  

2 .  For f i x e d  K ,  a(S;K) i s  monotone nonincreas ing  w i t h  S. 

The approximating problem i s  t o  de te rmine ,  f o r  each K ,  a c o n t r o l  

u ( t ; K )  which, when a p p l i e d  t o  t h e  system (61, s a t i s f i e s  (2)  and (3 )  

and minimizes (5). This  r e sea rch  i s  concerned wi th  de te rmining  t h e  

c o n d i t i o n s  under which t h e  s o l u t i o n s  of A P  converge t o  t h e  s o l u t i o n  

of t h e  o r i g i n a l  problem a s  K t e n d s  t o  i n f i n i t y .  

A s  an example, w e  considered t h e  dynamical system 

= x2 ,  X1(O) = 1 

w i t h  t = 1 f i x e d ,  and t e rmina l  c o n s t r a i n t  f 

x (1)  = x (1) = 0 1 2 

N o  c o n s t r a i n t  was p laced  on admiss ib l e  c o n t r o l  va lues .  The t r a j e c t o r y  

was r e q u i r e d  t o  s a t i s f y  t h e  s t a t e - v a r i a b l e  i n e q u a l i t y  c o n s t r a i n t  
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S(x)  = x2 - a 2 0 (9) 

where a i s  a f i x e d  (nega t ive )  q u a n t i t y ,  and t h e  performance f u n c t i o n a l  

t o  be minimized was given by 

I n  o r d e r  t h a t  t h e  c o n s t r a i n t  ( 9 )  be meaningful,  i t  was assumed t h a t  

t h e  s o l u t i o n  t o  t h e  unconstrained problem v i o l a t e s  (9) .  

T h i s  p a r t i c u l a r  problen  was  mainly chosen t o  test  t h e  f e a s i b i l i t y  

of t h e  new c o n s t r a i n t  formula t ion  on t h e  s imples t  p o s s i b l e  n o n t r i v i a l  

example. A phys ica l  example which would have t h e s e  equa t ions  would be 

an  i n e r t i a  wheel used f o r  a t t i t u d e  c o n t r o l .  

p re sen t  r e p r e s e n t i n g  t h e  maximum p o s s i b l e  momentum s t o r a g e  i n  t h e  

wheel. The boundary cond i t ions  on t h e  s t a t e s  a r e  more o r  less a r b i t r a r y ,  

and t h e  c a s e  chosen w i l l  i l l u s t r a t e  t h e  n a t u r e  of any opt imal  t r a j e c t o r y .  

A v e l o c i t y  c o n s t r a i n t  i s  

The approximating problem dynamics a r e  

i, = x2 

-K (x2-a 
i = u + -  ' e  

4-K 
2 

The Hamiltonian f o r  AP is  

(11) 

-K (x2-j ) 
H = h1x2 + qu +-& ' e  ) + 4 u 2  (12) 

Minimizing H g i v e s  u = -\, and t h e  Euler-Lagrange equa t ions  a r e  

i, = x2 

-K(x2-j) 

hz A, = -A + JK e (13) 
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w i t h  boundary c o n d i t i o n s  x (0) = 1, x2(0)  = x l ( l )  = x 2 ( l )  = 0. 1 
By c a r e f u l  s tudy  of t h e  Euler-Lagrange equa t ion  (13) w e  were a b l e  

t o  show t h a t  a s o l u t i o n  e x i s t s  t o  t h e  approximating problem f o r  eve ry  

K and t h a t ,  a s  K t ends  t o  i n f i n i t y  t h e  s o l u t i o n  t o  AP t e n d s  t o  a 

s o l u t i o n  of t h e  o r i g i n a l  problem. The sys t em was programmed t o  see how 

convergence went i n  t h i s  case .  The r e s u l t s  were d i s a p p o i n t i n g  s i n c e  

an e x c e s s i v e  amount of computer t i m e  was r e q u i r e d  t o  i n t e g r a t e  t h e  

h i g h l y  non l inea r  equa t ions  (11). A t  t h e  p re sen t  t i m e  s tudy  of a l t e r n a -  

t i v e  c o n s t r a i n t  f u n c t i o n  i s  being pursued a long  w i t h  a more g e n e r a l  

e x i s t e n c e  proof f o r  t h e  method. 
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B. SATELLITE ORBIT STUDIES 
( S t u d i e s  Supervised by P r o f e s s o r  Breakwell)  

1. Long-Period Behavior of Lunar  O r b i t e r s .  (Ph.D. Research of 
J.  Vagners) 

The o r b i t  of t h e  e a r t h  r e l a t i v e  t o  t h e  moon i s  i d e a l i z e d  a s  

c i r c u l a r  and i n  t h e  l u n a r  e q u a t o r i a l  plane.  Zonal l u n a r  harmonics 

up through J4 

medium-period e f f e c t s  (monthly, bi-monthly, e t c . )  a r e  removed. The 

r e s u l t i n g  long-period a n a l y s i s  is  a g e n e r a l i z a t i o n  of t h a t  by Kozai 

[Ref .  71, i n  which J3 and J4 were neg lec t ed .  Conclusions t e l l i n g  

which o r b i t s  s u r v i v e  i n d e f i n i t e l y ,  i . e . ,  never impact on t h e  l u n a r  

s u r f a c e ,  a r e  somewhat s e n s i t i v e  t o  t h e  numerical  v a l u e s  of 

J4, 
U.S.S.R. announced p re l imina ry  v a l u e s .  

a r e  inc luded  i n  t h e  a n a l y s i s  and shor t -per iod  and 

J3 and 

and sets of c a l c u l a t i o n s  were made based on e i t h e r  U.S. o r  

2 .  Motion Near Earth-Moon L4 L i b r a t i o n  P o i n t .  (Ph.D. Research of 
H.  B. Schech te r )  

The out-of-plane s o l a r  p e r t u r b a t i o n  was found t o  be unimpor tan t ,  

a s  was n o n l i n e a r  coup l ing  between in-plane and out-of-plane motion. 

The f a s t e r  of t h e  two e l l i p t i c a l  modes of t h e  l i n e a r i z e d  f ree  motion 

i s  p a r a m e t r i c a l l y  e x c i t e d  by  t h e  s o l a r  p e r t u r b a t i o n .  There i s  a 

s t a b l e  ampl i tude  f o r  t h i s  mode which y i e l d s  a maximum excurs ion  from 

L4 of approximate ly  90,000 km. 

synchronized w i t h  t h e  sun both i n  frequency and phase,  i .e . ,  t h e  

v e h i c l e ' s  motion i n  t h e  r o t a t i n g  earth-moon frame i s  westward around 

L4, once per  l u n a r  month (not s i d e r e a l  month), w i t h  t h e  v e h i c l e  

a l i g n e d  wi th  L4 

and minimum d i s t a n c e  from L4. 

des t royed  i f  t h e  slower l i n e a r i z e d  mode i s  a l s o  apprec i ab ly  p r e s e n t .  

The n o n l i n e a r  coupl ing  between t h e  modes i s  s u f f i c i e n t  t o  upse t  t h e  

a l r e a d y  e x c i t e d  m o d e  i f  t h e  slow mode h a s  an ampl i tude  g r e a t e r  t han  

approximate ly  6,000 km. 

A t  t h i s  ampl i tude  t h i s  mode i s  

and t h e  sun f o u r  times a month, i n  f a c t  a t  maximum 

The s t a b i l i t y  of t h i s  e x c i t e d  mode i s  
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3. Station-Keeping of Vehicles a t  C o l l i n e a r  L i b r a t i o n  P o i n t s  
(Ph.D. Research of R .  W. Farquhar) 

The p o s s i b i l i t y  e x i s t s  of c o n t r o l l i n g  t h e  p o s i t i o n ,  nea r  ea r th -  

moon L2 

t o g e t h e r  by  a l i g h t  t e t h e r ,  simply by s u i t a b l y  c o n t r o l l i n g  t h e  l e n g t h  

of t h e  t e t h e r .  T h i s  i s  p r imar i ly  because t h e  n o n l i n e a r i t y  of t h e  

g r a v i t a t i o n a l  f i e l d  makes the equi l ibr ium p o s i t i o n  of t h e  c e n t e r  of 

mass dependent on t h e  l eng th  of t h e  t e t h e r ,  t h e  two v e h i c l e s  be ing  

a l i g n e d  w i t h  e a r t h  and moon. I t  was found t h a t  t h e  l eng th  of t h e  te ther  

can be c o n t i n u a l l y  a d j u s t e d  t o  s imul taneous ly  c o n t r o l  both t h e  r e l a t i v e  

o r i e n t a t i o n  of t h e  two v e h i c l e s  and t h e  p o s i t i o n  of the i r  c e n t e r  of 

mass. Sample c a l c u l a t i o n s  involved a t e t h e r  of l e n g t h  4,000 km wi th  

mass on ly  a few percent  of t h a t  of two equa l  v e h i c l e s .  

f o r  example, of t he  c e n t e r  of mass of two v e h i c l e s  t i e d  
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C.  OTHER ACTIVITIES 

P r o f e s s o r  Cannon h a s  continued h i s  l e a v e  of absence t o  a c t  a s  

S c i e n t i f i c  Advisor t o  t h e  Chief of S t a f f  of t h e  A i r  Force  f o r  a n o t h e r  

y e a r .  H e  w i l l  f u l l y  resume h i s  r e s p o n s i b i l i t i e s  a t  t h e  U n i v e r s i t y  i n  

September 1968. 

P r o f e s s o r s  Cannon and F r a n k l i n  a t t e n d e d  t h e  J o i n t  Automatic Control  

Conference he ld  i n  P h i l a d e l p h i a  of t h i s  yea r .  

I n  June P r o f e s s o r s  Fliigge-Lotz and F r a n k l i n  v i s i t e d  ERC t o  meet 

t h e  s t a f f  t h e r e  and t o  given an o r a l  r e p o r t  on t h e  s t a t e  of t h e  

r e s e a r c h  supported by t h i s  Grant ,  A t  t h a t  t i m e ,  i t  was decided t h a t  

a r e t u r n  v i s i t  t o  S tanford  by those  ERC s t a f f  s h a r i n g  a mutual i n t e r e s t  

i n  t h e  s u b j e c t s  under i n v e s t i g a t i o n  should be made i n  t h e  F a l l .  Thus, 

would exchange of i d e a s  and r e s e a r c h  r e s u l t s  be g r e a t l y  f a c i l i t a t e d ,  

I n  November Messrs. Schuck and Neat v i s i t e d  S tanford  f o r  t h i s  purpose. 

I t  i s  hoped t h a t  t h e s e  exchanges w i l l  cont inue  t o  prove f r u i t f u l  i n  

t h e  f u t u r e .  

P r o f e s s o r  Fliigge-Lotz co-authored two papers  on a t t i t u d e  c o n t r o l  

of a s a t e l l i t e  i n  e l l i p t i c  orbi t  [ R e f .  9 ,101.  

P r o f e s s o r  Breakwell a t tended  t h e  AIAA meet ing i n  N e w  York i n  

J a n u a r y ,  i n c l u d i n g  t h e  AIAA Astrodynamics Committee meeting. H e  a l s o  

a t t e n d e d  t h e  NASA ERC Technical  Reviews i n  Guidance Theory and 

T r a j e c t o r y  Analysis  i n  A p r i l ,  September and December r epor t i , ng  on 

astrodynamics r e s e a r c h  on Grant 133-61. I n  June he a t tended  t h e  

Colloquium on Advanced Problems and Methods f o r  Space F l i g h t  

Opt imiza t ion  i n  Liege ,  Belgium and presented a pape r ,  "Minimum 

Impulse T r a n s f e r  Between a C i r c u l a r  O r b i t  and a Nearby Non-Coplanar 

O r b i t "  [Ref .  111. I n  October h e  p resented  a paper ,  " S t o c h a s t i c  

Opt imiza t ion  Problems i n  Space Guidance," a t  t h e  U . S .  Army Advanced 

Seminar on S t o c h a s t i c  Optimizat ion and C o n t r o l ,  Univers i ty  of 

Wisconsin [Ref .  121. I n  December he  a t tended  a ( C l a s s i f i e d )  panel 

o n  S a t e l l i t e  Tracking Accuracy, a t  P a t r i c k  A i r  Force Base. P r o f e s s o r  

Breakwell  served a s  Chairman of t h e  F i r s t  S e s s i o n  of t h e  NASA Seminar 

o n  Environment Induced O r b i t a l  Dynamics he ld  a t  Marshal l  Space F l i g h t  
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Center ,  H u n t s v i l l e ,  Alabama, i n  June.  I n  August h e  served  a s  Chairman 

of a s e s s i o n  on A n a l y t i c a l  Dynamics a t  t h e  AIAA Guidance, Control  and 

F l i g h t  Dynamics Conference held a t  Marshall Space F l i g h t  Center ,  
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